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A neighbourhood assignment in a space X is a family O = {Ox: x ∈ X} of open subsets of X
such that x ∈ Ox for any x ∈ X . A set Y ⊆ X is a kernel of O if O(Y ) =⋃{Ox: x ∈ Y } = X .
We obtain some new results concerning dually discrete spaces, being those spaces for which
every neighbourhood assignment has a discrete kernel. This is a strictly larger class than
the class of D-spaces of [E.K. van Douwen, W.F. Pfeffer, Some properties of the Sorgenfrey
line and related spaces, Paciﬁc J. Math. 81 (2) (1979) 371–377].
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1. Introduction and preliminary results
A neighbourhood assignment in a space X is a family O = {Ox: x ∈ X} of open subsets of X such that x ∈ Ox for any
x ∈ X . A set Y ⊆ X is a kernel ofO if O(Y ) =⋃{Ox: x ∈ Y } = X .
For any class (or property) P we deﬁne a dual class Pd which consists of spaces X such that, for any neighbourhood
assignment O in the space X there exists a subspace Y ⊆ X such that O(Y ) = X and Y ∈P ; the spaces from Pd are called
dually P . Thus a space is dually discrete if every neighbourhood assignment for X has a discrete kernel and is a D-space
if it has a closed and discrete kernel. It is an immediate consequence of the deﬁnition, that if X is dually discrete, then
L(X) s(X) (where L(X) is the Lindelöf number of X and s(X) is the spread of X ; deﬁnitions can be found in [11]).
The concept of a D-space was introduced in [8] and has attracted a great deal of attention recently (see for example
[3,4] and [10]). Possibly the ﬁrst mention of dually discrete spaces can be found in [13] and their study was continued in
[2] and [7]. On consulting these papers it is immediately obvious that the class of dually discrete spaces is “very large”—in
some sense it is diﬃcult to construct spaces which are not dually discrete. However, in [7], examples of (Hausdorff, some
even Tychonoff) spaces which are not dually discrete were constructed in Z FC but all the known examples depend on the
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Lindelöf number of X ). This inequality clearly is not valid if X is a countable space, thus the next theorem is to be expected.
Theorem 1.1. Every countable T1-space is a D-space and hence is dually discrete.
This theorem is a simple corollary to Theorem 2 of [8] and a direct proof is an easy exercise.
Recall from [1] that a space X is discretely complete if every discrete subspace of X has a complete accumulation point
in X . Clearly every compact T1-space is discretely complete and every discretely complete space is countably compact.
Coincidentally, examples of Tychonoff spaces which are discretely complete but not compact are constructed using Ty-
chonoff spaces X in which ω = hd(X) < hL(X), whose existence is known to be independent of Z FC . The following theorem
connects the two concepts deﬁned above.
Theorem 1.2. A T1-space is compact if and only if it is dually discrete and discretely complete.
Proof. The necessity is clear. For the suﬃciency, suppose that the T1-space X is both dually discrete and discretely complete
but that X is not compact. Then for some cardinal κ there is an open cover C = {Uα: α ∈ κ} of X which has no ﬁnite
subcover and hence without loss of generality we may suppose that κ is minimal with respect to this property. It follows
immediately that C has no subcover of cardinality less than κ . We deﬁne a neighbourhood assignment for X as follows:
Ox = U f (x),
where f : X → C is such that f (x) is the minimal ordinal α ∈ κ such that x ∈ Uα .
Since X is dually discrete, there is a discrete subset Y ⊆ X such that ⋃{U f (y): y ∈ Y } = X and clearly we may assume
that if y, z ∈ Y , then f (y) = f (z). But then, since C has no subcover of cardinality less than κ , it follows that |Y | = κ .
Since Y is discrete and X is discretely complete, Y has a complete accumulation point p ∈ X and there is t ∈ Y such that
p ∈ U f (t) . Since p is a complete accumulation point of Y , it follows that |Y ∩ U f (t)| = κ and for each y ∈ Y ∩ U f (t) we have
that f (y) f (t) < κ , which is a contradiction. 
2. Operations on dually discrete spaces
It was shown in [7] that the property of being dually discrete is an inverse invariant of perfect maps. This result can be
generalized as follows:
Theorem 2.1. Let f : X → Y be a closed (surjective) map between T1-spaces X and Y , and such that Y is dually discrete; then X is
dually discrete if and only if each ﬁbre of f is dually discrete.
Proof. The proof of the suﬃciency is almost identical to that of Proposition 2.7 of [7] and we omit it. For the necessity, it
suﬃces to note that if X is dually discrete and Y is a T1-space, then each ﬁbre of f is a closed subspace of X and it is
easily seen that a closed subspace of a dually discrete space is dually discrete. 
It is not known whether the closed (or even the perfect) image of a dually discrete space is dually discrete, but the
following example shows that dual discreteness is not preserved by open maps.
Example 2.2. There is a dually discrete T2-space X and an open surjective map f : X → Y such that Y is not dually discrete.
Proof. Let Y = {yα: α ∈ ω1} be a right separated hereditarily separable Hausdorff space of cardinality ω1 (such spaces exist
in ZFC). For each α ∈ ω1, let Xα = {yβ ∈ Y : β < α} and let X =⊕{Xα: α ∈ ω1}. Each space Xα is countable and hence, by
Theorem 1.1, dually discrete. Thus X is dually discrete and it is easy to see that the natural projection f : X → Y is open. 
As mentioned above, the known examples of spaces which are not dually discrete are constructed using spaces X in
which hd(X) < hL(X). The next theorem shows that we can construct non-dually discrete spaces assuming the existence of
a space satisfying a slightly weaker condition than this.
Theorem 2.3. Let X be a T1-space such that s(X) < hL(X); then there is a subspace Y ⊆ X such that Y is not dually discrete and
hd(Y ) = hL(Y ).
Proof. Since s(X) < hL(X), there is a subspace Z of X and an open cover C of Z with no subcover of cardinality s(X).
We can then choose recursively a set Y = {yα: α < s(X)+} ⊆ Z and open sets {Oα: α < s(X)+} ⊆ C such that for all
α < s(X)+ , yα ∈ Oα but yα /∈⋃{Oβ : β < α}. It follows that L(Y ) = s(X)+ and hd(Y ) s(X), for otherwise, Y would have
a left-separated subset of size s(X)+ and hence, since Y is right separated, a discrete subset of the same size. We will
show that Y is not dually discrete. To this end, consider the neighbourhood assignment O = {O y: y ∈ Y } of Y deﬁned by
O yα = Oα ∩ Y for each α < s(X)+ . If D ⊆ Y is discrete, then there is some γ < s(X)+ such that D ⊆ {yα: α < γ }, but then,
yγ+1 /∈⋃{Oα: α < γ }. 
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D-space. Surprisingly, even the answer to the following question seems not to be known.
Question 2.4. Is every hereditarily Lindelöf T1-space dually discrete?
Note however that Buzyakova has shown that every T1-space with a σ -locally ﬁnite network is a D-space.
We now turn to the study of products of dually discrete spaces and D-spaces. We will need the following simple lemma,
most of whose statements are proved as Lemma 5.1 of [9].
Lemma 2.5. If τ and σ are topologies on a set X and σ ⊆ τ , thenΔ = {(x, x): x ∈ X}when considered as a subspace of (X, τ )×(X, σ )
is homeomorphic to (X, τ ). Additionally, if (X, τ ) is a Hausdorff space, A ⊆ X and σ is a Hausdorff topology on A which is weaker
than τ |A, then ΔA = {(x, x): x ∈ A} is closed in (X, τ ) × (A, σ ) and if D is closed and discrete as a subspace of (A, τ |A), then
ΔD = {(d,d): d ∈ D} is closed and discrete as a subspace of (X, τ ) × (A, σ ).
Proposition 1 of [6] states that the product of two D-spaces (even the product of a metric space and a Lindelöf D-space)
need not be a D-space. However, there seems to be an error in the proof of this theorem: The spaces used as examples are
taken from Theorem 1.5 of [14] and, using the notation of this theorem, the set A contains an uncountable closed (in A)
discrete subspace Sm . It follows from Lemma 2.5 that ΔSm = {(x, x): x ∈ Sm} is a closed, discrete, uncountable subset of
M × Y , thus contradicting the claim in [6] that M × Y has countable extent.
We now construct under CH a dually discrete space whose square is not dually discrete. A very similar construction will
give a D-space in Z FC whose square is not D .
Fix a subset S of the Euclidean space (R,ρ) such that |S∩ F | = |F \ S| = c for every closed uncountable subset F of (R,ρ).
Let ρS be the Euclidean topology on S . Using CH , ﬁx an enumeration of S as {xα: α < ω1} and deﬁne Sβ = {xα: α < β}
for every β < ω1. Now consider the proof of the following result of Bešlagic´ (Theorem 3.1 of [5]):
Theorem 2.6. Under CH, there is a non-Lindelöf, ﬁrst countable, locally compact, hereditarily separable, scattered, 0-dimensional and
perfectly normal topology τ on R which is stronger than the usual Euclidean topology ρ .
It is not hard to check that the construction used in the proof of this theorem can be carried out in (S,ρS ) instead of
(R,ρ). We then obtain a topology τ on S such that τ  ρS and (S, τ ) is a ﬁrst countable, locally compact, hereditarily
separable, 0-dimensional and perfectly normal space which is not Lindelöf.
Theorem2.7.Under CH there is a dually discrete Tychonoff space and a separablemetrizable space whose product is not dually discrete.
Proof. Let S , ρ and τ be as above. Since (S, τ ) is non-Lindelöf and s(S)  hd(S) = ω, we have that (S, τ ) is not dually
discrete; let σ be the topology on R generated by ρ ∪ τ . Clearly, (S, τ ) is an open subspace of (R, σ ). (This construction is
based on an idea of Przymusin´ski (see [14]) and was later used by Borges and Wehrly in [6].)
Claim 1. (R, σ ) is a dually discrete space.
Let {O y: y ∈ R} be an open neighbourhood assignment. Since (R \ S, σR\S) = (R \ S,ρR\S ), there is D2 ⊂ R \ S closed
and discrete in (R \ S,ρR\S) such that ⋃{O y: y ∈ D2} ⊇ R \ S . Note that ⋃{O y: y ∈ D2} ∈ ρ , so F = R \⋃{O y: y ∈ D2}
is closed in (R,ρ) and is contained in S , thus it is countable. (F , σF ) is a countable, ﬁrst countable, 0-dimensional space,
hence it is metrizable, so there is D1 ⊆ F closed discrete in (F , σF ) so that ⋃{O y: y ∈ D1} ⊇ F . It remains only to show
that D1 ∪ D2 is discrete in (R, σ ). Indeed, since S is open in σ and D1 ⊆ S , no point of D1 can belong to the closure of D2.
Since D1 ⊆ R \⋃{O y: y ∈ D2}, no point of D2 belongs to the closure of D1.
Claim 2. (R, σ ) is a regular Lindelöf space.
The proof that (R, σ ) is a Lindelöf space follows from the fact (essentially noted in the previous paragraph) that if U is a
countable open covering of R \ S , then R \⋃U is countable. To see that it is regular, note that it is locally compact at each
point of S and that each point of R \ S has a local base of Euclidean neighbourhoods which are closed in the topology σ .
Claim 3. The topological product (S,ρS ) × (R, σ ) is not dually discrete.
By Lemma 2.5, the subspace {(x, x): x ∈ S} is closed in the product topology and is homeomorphic to (S, τ ), which is
not dually discrete. Hence (S,ρS ) × (R, σ ) is not dually discrete. 
Corollary 2.8. Under CH there is a dually discrete Tychonoff space Z whose square is not dually discrete.
Proof. Let Z be the topological sum of (S,ρS ) and (R, σ ) (as deﬁned in the preceding theorem). Clearly, the topological
product (S,ρS ) × (R, σ ) is a closed subspace of Z × Z . 
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a dually discrete Hausdorff space is dually discrete.
Again we note that this construction depends on the existence of a space X such that s(X) < L(X), thus we are led to
ask:
Question 2.9. Suppose that X is such that s(Y ) = L(Y ) for all subspaces Y ⊆ X ; is X dually discrete?
Question 2.10. Is Theorem 2.7 true in ZFC?
Theorem 2.11. There is a Tychonoff D-space and a separable metrizable space whose topological product is not a D-space.
Proof. Consider the subset S of the reals as deﬁned in the proof of Theorem 2.7. We deﬁne a topology τS on S which
reﬁnes the Euclidean topology ρS on S as in Lemma 7.1 of [9]; that is to say the space (S, τS ) (the space Λ(S) of Lemma
7.1) is a ﬁrst countable, locally compact 0-dimensional space which is not Lindelöf, and has the following property:
(∗) For all countable sets V ⊆ S such that |clρS (V )| = c, V has an accumulation point in (S, τS ).
Now repeat the construction of the proof of Theorem 2.7. It remains only to show that (S, τS ) is not a D-space. Since
(S, τS ) is not Lindelöf, it suﬃces to show that it has countable extent. We will show that every uncountable subset X of
S has an accumulation point. Indeed, suppose B ⊆ S is uncountable; then |clρ(B)| = c, thus |clρS (B)| = c. Since (S,ρS ) is
hereditarily separable, there is a countable set V ⊆ B such that |clρS (V )| = c. Thus, by (∗), V , and therefore B , has an
accumulation point. Now as before, if σ denotes the topology on R generated by τS ∪ ρ it follows that (R, σ ) × (S,ρS ) is a
non-Lindelöf space with countable extent and hence is not a D-space. 
Corollary 2.12. There is a D-space Z whose square is not a D-space.
3. Dual discreteness in ordered spaces
Recall that a GO-space is a subspace of a linearly ordered topological space (LOTS); every GO-space is T4. A gap (respec-
tively pseudogap) in a GO-space X is a pair of open subsets (A, B) of X such that A ∪ B = X , for all a ∈ A and b ∈ B , we
have a < b and A has no maximal element and B has no minimal element (respectively, either B has no minimal element
or A has no maximal element, but not both). If they are gaps, the pairs (X, φ) and (φ, X) are called end gaps of X. If (A, B)
is a gap or a pseudogap of X , then clearly both A and B are open and closed subsets of X . It is well known that every
GO-space X can be embedded densely in a LOTS; this involves adding a point in each pseudogap and gap of X and endow-
ing the resulting set with its natural order and topology. The linearly ordered space C so constructed is compact (it is the
minimum linearly ordered compactiﬁcation of X ); we call it the Dedekind compactiﬁcation of X. We note for later use that
any Dedekind complete GO-space (that is to say, a LOTS in which the only gaps are end gaps) has countable extent.
In [7] it was shown that every GO-space of countable extent is dually discrete and, as a corollary, each locally compact
GO-space is also. We now generalize these results. First we need the following deﬁnition. A space X is locally of countable
extent if each point of X has a neighbourhood of countable extent. Note that if X is regular and x ∈ X has a neighbourhood
of countable extent then it has a closed neighbourhood of countable extent.
Theorem 3.1. A GO-space which is locally of countable extent is dually discrete.
Proof. Suppose (X,<, τ ) is an inﬁnite GO-space which is locally of countable extent and let C be its Dedekind compactiﬁ-
cation. For each x ∈ X let
Ix =
⋃{[ax,bx]: ax  x bx, ax,bx ∈ X and [ax,bx] is of countable extent
}
.
It is clear that each Ix is a convex subset of X and we claim that if x, y ∈ X , then either Ix = I y or Ix ∩ I y = ∅. To see this,
it suﬃces to note that if z ∈ Ix ∩ I y , then, assuming without loss of generality that x z  y, we have that [x, z] and [z, y]
have countable extent and as a consequence, so does [x, y]. However, this implies that y ∈ Ix and x ∈ I y , hence Ix = I y ; also
note that X =⋃{Ix: x ∈ X}.
Next we show that for each x ∈ X , Ix is an open and closed subset of X . In order to simplify and clarify the notation, in
the sequel we denote an interval {x ∈ L: u  x < v} in an arbitrary GO-space L by [u, v)L . Note ﬁrst that Ix is open since if
y ∈ Ix , then both [x, y]X and some closed convex neighbourhood V = [a,b]X (where a y  b) of y are of countable extent.
It follows that [x, y]X ∪ V is convex and of countable extent, so contained in Ix . Thus Ix has the form (dx, gx)C ∩ X for some
dx, gx ∈ C and a simple analysis of the possible cases shows that we can always assume that dx, gx ∈ C \ X . Since {Ix: x ∈ X}
is a partition of X it follows that each Ix is also closed.
Finally we claim that each of the sets Ix is the disjoint union of open and closed convex subsets of X each having
countable extent. In the sequel we consider only Rx = Ix ∩ [x,→)C , but an identical argument can be applied to Lx =
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then we are done, so suppose that e(Rx) > ω. We consider the character of the point gx in the subspace Ax = Ix ∪ {gx} ⊆
X ∪ {gx} ⊆ C ; if it were the case that χ(gx, Ax) = ω, then Rx would be a countable union of subspaces each with countable
extent and hence itself have countable extent; so χ(gx, Ax) = λ > ω. Also, if there exists some rx ∈ Rx such that [rx, gx)C ∩ X
is Dedekind complete then [rx, gx)C ∩ X would have countable extent as would Rx = [x, rx]X ∪ ([rx, gx)C ∩ X). Thus for each
r ∈ [x, gx)C ∩ X , [r, gx)C ∩ X is not Dedekind complete and so [r, gx)C ∩ (C \ X) = ∅. Since Rx has uncountable extent, there
is an uncountable closed discrete subset D ⊆ X which is contained in [x, gx)C ∩ X and since [x,a]X has countable extent
for each x < a < gx , a ∈ X , it follows that supC (D) = gx and ω1 = |D| = λ. Now, for α < ω1, we choose gα ∈ [x, gx)C \ X
recursively:
(i) Let g0 be any such point and if α = β + 1 < ω1, then choose gα ∈ [x, gx)C \ X so that gα > gβ and (gβ, gα) ∩ D = ∅;
(ii) If α < ω1 is a limit ordinal then, since D is closed and discrete in X , supC {gβ : β < α} /∈ X and we let gα =
supC {gβ : β < α}.
Then {(gα, gα+1)C ∩ X: α < ω1} is a family of mutually disjoint open and closed convex subsets of Rx , whose union
is Rx , all of which have countable extent. Thus Rx (and similarly Lx and Ix) is a disjoint topological union of subspaces of
countable extent. By Theorem 2.23 of [7], each Ix is dually discrete and hence so is X . 
The next result is Corollary 2.25 of [7].
Corollary 3.2. Each locally compact GO-space is dually discrete.
In the sequel, all ordinals are assumed to have the order topology.
Corollary 3.3. Each open or closed subspace of an ordinal is dually discrete.
In fact, much more is true:
Theorem 3.4. Every ordinal is hereditarily dually discrete.
Proof. The proof is by induction. The theorem is true for ﬁnite ordinals; suppose that the theorem is true for each ordinal
α < κ , that is to say, if T ⊆ α < κ , then T is dually discrete. If κ is a non-limit ordinal, say κ = β + 1, then clearly the
theorem is true for κ . Suppose then that κ is a limit ordinal. We consider two cases:
(i) If cof(κ) = ω < κ , then let {λn: n ∈ ω} be a strictly increasing sequence of ordinals each less than κ whose supremum
is κ . Then
T =
⋃{
T ∩ [(λn+1 + 1) \ (λn + 1)
]
: n ∈ ω},
and hence T is the disjoint (countable) union of open and closed subsets, each of which is dually discrete by the induction
hypothesis. Thus T is dually discrete.
(ii) If cof(κ) > ω, then we ﬁrst show that if T ⊆ κ is stationary, it is dually discrete. To this end, suppose that O =
{Ox: x ∈ T } is a neighbourhood assignment for T . For each limit ordinal α ∈ T , there is p(α) < α such that (p(α),α +
1) ⊆ Oα . The Pressing-down Lemma of Fodor (see for example, Theorem 5.4 of [12]) applied to T implies that there is a
stationary subset A ⊆ T and α0 ∈ T such that for all β ∈ A, p(β) α0. Since the space T is scattered, A contains a dense
discrete subspace D ⊆ T \ (α0 + 1). But then, since α0 + 1 < κ it follows from the induction hypothesis that T ∩ (α0 + 1) is
dually discrete and hence there is a discrete set F ⊆ T ∩ (α0 + 1) such that T ∩ (α0 + 1) ⊆⋃{Oα: α ∈ F } and F ∪ D is the
required discrete kernel of the neighbourhood assignment of T .
Finally, if T ⊆ κ is not stationary in κ , then there is a closed unbounded set C ⊆ κ such that C ∩ T = ∅ and hence
T ⊆ κ \ C ; this latter set is a union of disjoint open subintervals of κ , say κ \ C =⋃{Iα: α ∈ J }, for some index set J . Again
by the induction hypothesis, each set T ∩ Iα is dually discrete, which implies that T is also. 
The following questions now arise:
Question 3.5. Is every scattered GO-space dually discrete?
Question 3.6. Is the product of two ordinals (hereditarily) dually discrete?
As partial answers to the last question we offer the following results.
Theorem 3.7. If X is a sequentially compact, dually discrete T1-space and Y is a sequential, dually discrete T1-space then X × Y is
dually discrete.
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a closed map.
To this end, suppose that A is a closed subset of X × Y . Since Y is sequential, to show that π [A] is closed, it suﬃces
to show that if a sequence {yn: n ∈ ω} ⊆ π [A] converges to y ∈ Y , then y ∈ π [A]. For each n ∈ ω, choose xn ∈ λ so that
(xn, yn) ∈ A. Since X is sequentially compact, the sequence {xn: n ∈ ω} has a convergent subsequence, that is, there is a
strictly increasing function φ :ω → ω and x ∈ X such that {xφ(n): n ∈ ω} → x. But then the sequence {(xφ(n), yφ(n)): n ∈ ω}
converges to (x, y) and since A is closed, (x, y) ∈ A, showing that y ∈ π [A]. 
Corollary 3.8. If λ is an ordinal then λ × ω1 is dually discrete.
Proof. If λ has countable coﬁnality, then λ ×μ can be written as a disjoint union of spaces ⊕{λn ×μ: n ∈ ω}, where each
space λn is homeomorphic to a compact ordinal and the result follows from Proposition 2.7 of [7]. If cof(λ) > ω then we
may apply the previous theorem. 
Theorem 3.9. If λ and μ are cardinals and either μ cof(λ) or cof(λ) = ω then λ × μ is dually discrete.
Proof. If λ has countable coﬁnality, then the result follows as in the previous corollary. Thus without loss of generality we
may assume that cof(λ) > ω. Let π denote the projection π :λ×μ → μ; as before, by Theorem 3.4, λ is dually discrete and
thus by Theorem 2.1 it suﬃces to show that π is a closed map.
Suppose that A ⊆ λ × μ is closed; since μ is a radial space, to show that π [A] is closed it suﬃces to show that if a
transﬁnite sequence {yα: α < κ} in π [A] converges to y ∈ μ, then y ∈ π [A]. We may assume that the sequence is injective
and yα < y for each α ∈ κ and so κ < μ. For each α < κ , we pick xα ∈ λ so that (xα, yα) ∈ A. Since κ < μ  cof(λ), the
transﬁnite sequence {xα: α ∈ κ} is contained in some compact subset K of λ and hence has a subnet which converges,
say to x ∈ λ. The corresponding subnet of the net {(xα, yα): α < κ} converges to (x, y) and since A is closed, (x, y) ∈ A,
showing that y ∈ π [A]. 
Corollary 3.10. If λ and μ are regular cardinals, then λ × μ is dually discrete.
Corollary 3.11. A ﬁnite product of regular cardinals is dually discrete.
Proof. It is straightforward to check that if {λ j: 0 j  n} is a ﬁnite set of regular cardinals such that λk  λm whenever
0 km n, then the projection π :Π{λ j: 0 j  n} → λ0 is closed. 
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